In this paper, we investigate the two-dimensional complex Finsler manifolds. The tools of this study are the complex Berwald frames {l, m,l,m}, {λ, µ,λ,μ} and the Chern-Finsler connection with respect to these frames.
Introduction
A great contribution to the geometry of two-dimensional real Finsler spaces is due to L. Berwald ([9] , see also [12] ). His theory is developed based on the choice of an orthonormal frame consisting of the normalized Liouville field and a unit field orthogonal to it. Many remarkable results are known for two-dimensional real Finsler spaces ( [12, 6, 7, 8, 19] ).
Part of the general themes from real Finsler geometry can be approached in complex Finsler geometry, the complex setting having the advantage of a powerful instrument, namely the Chern-Finsler connection (cf. [1] ). This connection is Hermitian, of (1, 0) -type and with other special properties, but as we expect, there are some uncomfortable computations on account of extending the theory to the complexified holomorphic tangent bundle T ′ M. In a previous paper [17] , we constructed the vertical Berwald frame in which the orthogonality is, with respect to the Hermitian structure, defined by the fundamental metric tensor of a 2 -dimensional complex Finsler space, on the holomorphic tangent manifold T ′ M. The main purpose of this paper is to give a partial classification of the 2 -dimensional complex Finsler manifolds using its Chern-Finsler curvatures. We do not give a general complete classification, but we emphasize some important particular classes of the 2 -dimensional complex Finsler spaces.
Subsequently, we have made an overview of the paper's content. In §2, we recall some preliminary properties of the n-dimensional complex Finsler spaces and complete with some others needed.
In §3, we prepare the tools for our aforementioned study. After we review from [17] the construction of the Berwald frame of a complex Finsler manifold of dimension two, we prefer to work in a fixed local chart in which there is obtained a local complex Berwald frame, which is extended to one on the horizontal part. We also find the expression of the complex Chern-Finsler connection with respect to these local frames. The independence of the obtained results from chosen chart is incessantly studied.
The local Berwald frames are not only a local geometrical machinery, but they also satisfy important properties which contain three main real invariants which live on T ′ M : one vertical curvature invariant I and two horizontal curvature invariants K and W. By means of these invariants we are able to define and compute the horizontal and vertical holomorphic sectional curvatures in directions λ, µ and m, respectively. A first classification of the complex Finsler manifold of dimension two comes from the exploration of the vv−, hv− and vh− Riemann type tensors, (Theorem 4.2). An immediate interest for the 2 -dimensional complex Berwald spaces is induced by the properties of the hv− and vh− Riemann type tensors. We prove that the two dimensional complex Berwald spaces are reduced to the Kähler spaces (Theorems 4.3, 4.4). We show that for the complex Berwald spaces I |k = 0, (Proposition 4.5). But this property is not peculiar only to the complex Berwald spaces. An example of the 2 -dimensional complex Finsler metric with I |k = 0, which is not Berwald, is given by the complex version of the Antonelli-Shimada metric. The necessary and sufficient conditions for 2 -dimensional complex Landsberg spaces are given in Theorem 4.6. Next, we derive the Bianchi identities which specify the relations among the covariant derivatives of the three invariants and then use these relations to explore the holomorphic sectional curvatures. With some additional conditions of symmetry for the hh− Riemann type tensor, we find the necessary and sufficient conditions that K should be a constant (Theorems 4.8, 4.9). Moreover, we characterize the spaces with K = 0 and W ≤ 0, (Theorem 4.11). The complex Berwald spaces with this symmetry have K = W = 0, (Theorem 4.12). It results that the Kähler purely Hermitian spaces are characterized by K = W = constant and I = 0, (Theorem 4.13). Finally, a special approach is devoted to the spaces with the hh− Riemann type tensor in the form Rr jhk = K(g jr g kh + g kr g jh ). We obtain two classes of such spaces, namely the Kähler purely Hermitian with K a constant and the complex spaces with K = 0 and∂hG i = 0, (Theorem 4.15). All these results are in §4.
Preliminaries
In the beginning, we will make a survey of complex Finsler geometry and we will set the basic notions and terminology. For more, see [1, 15] . Let M be a n−dimensional complex manifold, z = (z k ) k=1,n are the complex coordinates in a local chart.
The complexified of the real tangent bundle T C M splits into the sum of holomorphic tangent bundle T ′ M and its conjugate T ′′ M. The bundle T ′ M is itself a complex manifold, and the local coordinates in a local chart will be denoted by u = (z k , η k ) k=1,n . They are changed into (z ′k , η ′k ) k=1,n by the rules z ′k = z ′k (z) and η ′k = ∂z ′k ∂z l η l . A complex Finsler space is a pair (M, F ), where F : T ′ M → R + is a continuous function satisfying the conditions: i) L := F 2 is smooth on T ′ M := T ′ M\{0}; ii) F (z, η) ≥ 0, the equality holds if and only if η = 0; iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C; iv) the Hermitian matrix g ij (z, η) is positive defined, where g ij := ∂ 2 L ∂η i ∂η j is the fundamental metric tensor. Equivalently, it means that the indicatrix is strongly pseudo-convex.
Consequently, from iii) we have
∂g ij ∂η kη k = 0 and L = g ij η iηj . Roughly speaking, the geometry of a complex Finsler space consists of the study of the geometric objects of the complex manifold T ′ M endowed with the Hermitian metric structure defined by g ij .
Therefore, the first step is to study the sections of the complexified tan-gent bundle of T ′ M, which is decomposed in the sum
be the vertical bundle, locally spanned by { ∂ ∂η k }, and V T ′′ M its conjugate. At this point, the idea of complex nonlinear connection, briefly (c.n.c.), is an instrument in 'linearization' of this geometry. A (c.n.c.) is a supple- 
By conjugation, everywhere is obtained an adapted frame {δk,∂k} on T ′′ u (T ′ M). The dual adapted bases are {dz k , δη k } and {dz k , δη k }. Certainly, a main problem in this geometry is to determine a (c.n.c.) related only to the fundamental function of the complex Finsler space (M, F ).
The next step is the action of a derivative law D on the sections of T C (T ′ M). First, let us consider the Sasaki type lift of the metric tensor
A Hermitian connection D, of (1, 0)− type, which satisfies in addition D JX Y = JD X Y, for all X horizontal vectors and J the natural complex structure of the manifold, is the so called Chern-Finsler connection (cf. [1] ), in brief C − F. The C − F connection is locally given by the following coefficients (cf. [15] ):
2) where here and further on δ k is the adapted frame of the C − F (c.n.c.) and
The C − F connection is the main tool in this study.
Denoting by " " , " | " , "¯ " and "|", the h−, v−, h−, v− covariant derivatives with respect to C − F connection, respectively, for any X i it results
and
The nonzero curvatures of the C − F connection are denoted by
where
(2.5)
Considering the Riemann tensor
for W, X, Z, Y horizontal or vertical vectors, it results the hh−, hv−, vh−, vv− Riemann type tensors:
, which have properties R ijkh = R jihk ; Ξ ijkh = P jihk ; P ijkh = Ξ jihk ; S ijkh = S jihk = S hijk , where R ijkh := Rī jkh , etc., (see [15] , p. 77).
Further on, everywhere the index 0 means the contraction by η, for example R i 0hk
; Ξr jhk = −C jrk|h ; Sr jhk = −C jrk |h, where we denoted C jrk := C i jk g ir and C rjk is its conjugate; iv) C lrh|k = (∂hL
Proof. i) and iii) results by (2.3), (2.4), (2.5) and
For ii) we have
Because C 0rh := C lrh η l it leads to
From here, result the second relation of ii). The others immediately result by this.
From the above relations it results i) and ii).
For the vertical section L = η k∂ k , called the Liouville complex field (or the vertical radial vector field in [1] ), we consider its horizontal lift χ := η k δ k . According to [1] , p. 108, [15] , p. 81, the horizontal holomorphic curvature of the complex Finsler space (M, F ) in direction η is
Let us recall that in [1] 's terminology, the complex Finsler space (M, F ) is strongly Kähler iff T 
In [10] it is proved that strongly Kähler and Kähler notions actually coincide. We notice that in the particular case of complex Finsler metrics which come from Hermitian metrics on M, socalled purely Hermitian metrics in [15] , (i.e. g ij = g ij (z)), all those nuances of Kähler coincide.
It is well known by [1, 15] that the complex geodesics curves are defined by means of Chern-Finsler (c.n.c.). But this (c.n.c.) derives from a complex spray if the complex metric only is weakly Kähler. On the other hand, its local coefficients N k j = gm k ∂g lm ∂z j η l , always determine a complex spray with [15] , where it is proved that it coincides with Chern-Finsler (c.n.c.) if and only if the complex Finsler metric is Kähler. Using canonical (c.n.c.) we associate to it the next complex linear connections: one of Berwald type
and another of Rund type
RΓ is only h− metrical and BΓ is neither h− nor v− metrical, (for more details see [15] ). Note that 
The complex Berwald frame
Let (M, F ) be a 2 -dimensional complex Finsler space, (z k , η k ) k=1,2 be complex coordinates on T ′ M and V T ′ M be the vertical bundle spanned by {∂ k }. Further on, the indices i, j, k, ... run over {1, 2}. Let g ij be the fundamental metric tensor of the space and G the Hermitian metric structure (2.1), defined on T C (T ′ M), with respect to the adapted frames of Chern-Finsler (c.n.c.). We set l := l i∂ i and its dual form is ω = l i δη i , where
Now, our aim is to construct an orthonormal frame in the vertical bundle V T ′ M, which is 2 -dimensional in any point. Therefore, it is decomposed into V T ′ M = {l} ⊕ {l} ⊥ , where {l} ⊥ is spanned by a complex vector m.
Requiring the orthogonality condition G(l,m) = 0 and G(m,m) = 1, i.e. m is a unit vector and, using m i := g ij mj, the above two conditions get the linear system
We try to solve this system following the same technique from [8] for real case. Nevertheless, let us pay more attention to this system. Passing in real coordinates, it contains three real equations with four real unknowns. So that it doesn't admit an unique solution. Formally, solving this system as one linear, it is obtained the 'solutions'
1 , where ∆ = l 1 m 2 − l 2 m 1 , which indeed are not completely determined because ∆ depends on m i . We can say more about these 'solutions'. A straightforward computation proves that |∆| = √ g and
, where g := det(g ij ) and T := det ∂z i ∂z ′j . Therefore, a natural question is if there exists at least ∆ with the above mentioned properties. The answer will come below, when we find two distinct particular solutions for ∆.
Subsequently, our statement will be made for a fixed choice of ∆ and then {l, m,l,m} with
will be called the complex Berwald frame. Surely, the dependence of the chosen for ∆ will be analyzed everywhere. But when we work in a fixed local chart, we can choose ∆ = √ g, i.e. ∆ is real, which produces the unique solutions
in this fixed chart. Then {l, m,l,m}, with m given by (3.3) will be called the local complex Berwald frame of the space.
Note that (3.3) provides only a local frame, because the set of natural local basis in every chart does not have tensorial character. For this reason, considering a change of the local coordinates, we obtain
which show that m is not a vector, but it depends on the local change. Therefore, it will say that m from (3.3) is a pseudo-vector.
Although m from (3.3) depends on the local changes of the coordinates, it is very important in our study, in a fixed chart. Certainly, further on we will be very careful with the global validity of our assertions. We will see that together with its horizontal extension it gives rise to some invariants which will characterize two dimensional complex Finsler spaces. A first and useful remark is that the quantities m i m j , m i mj, m i mj and m i m are independent of the chosen local chart, and hence they have global meaning.
With respect to the local complex Berwald frame,∂ k and g ij are decomposed as follows∂
From here we deduce that
where we set
The dependence of the vertical terms A and B of the local charts is obvious,
Thus, A and B are not invariants, but if they are zero in a local chart, then they are zero in any local chart. Moreover, by means of A and B and setting ∆ = B √ g with |B| 2 = 1 or ∆ = √ Ag with |A| 2 = 1, we obtain two particular solutions for m from (3.2) which certify the existence of the complex Berwald frames.
Further on, all our work will be with respect to the local complex Berwald frame, where m is given by (3.3).
Therefore, the formulas from Proposition 3.2, in [17] , become
By a direct computation, using the above relations, we obtain formulas for the vertical covariant derivatives of l, m,l andm with respect to the C −F connection
and their conjugates.
Now, via the natural isomorphism between the bundles V T ′ M and T ′ M, composed with the horizontal lift of HT ′ M, we obtain the following orthonormal local frame on H C T ′ M,
Let D be the C − F connection on (M, F ). Further on, let us give an explicit expression for C − F connection with respect to horizontal local frame {λ, µ,λ,μ}. Moreover, using (3.4) and
Here the horizontal settled quantities do not have tensorial character, because under the change of charts we have
where [15] ), permit us to establish some links between the vertical and horizontal terms (3.10) of this connection. Indeed,
Proof. In the fixed local chart the assertions i)-iv) are true. We must prove their global validity. For example, under the change of a local chart, we have
X]m r = 0, by its change rule it results that it is zero in any local chart. Analogous results the geometric character of the others assertions. 
To prove ii) we compute
jk η j η l = 0 if and only if U = V . Taking into account the local changes of U − V and Y − E, it follows the global validity of these statements.
Further on, several calculus imply the following properties. 
Then, from (3.12) we deduce that
and theirs conjugates.
Curvatures of the C-F connection
In this section, we shall compute the curvature coefficients of the C − F connection with respect to the local frames {l, m,l,m} and {λ, µ,λ,μ}. By means of these, we characterize the 2 -dimensional complex Finsler spaces.
The vv− Riemann type tensor
Firstly, we study the vv− Riemann type tensor Sr jhk . Taking into account Proposition 2.1 iii) and the formulas (3.5), (3.7) and (3.8), we have
We note that I is invariable to the changes of the local coordinates thanks to Sr jhk and m j mhm k mr which are tensors. Further on, we point out some properties of the function I, called by us the vertical curvature invariant.
By analogy with (2.7), we define the vertical holomorphic sectional cur-
and the vertical holomorphic sectional curvature in direction m
These imply i) and ii).
Considering the Bianchi identity Sr jhk | i = Sr jhi | k , (see [15] , p. 77) and using the relations (3.5) and (4.1), we have lh.
Proof. By (4.1), A = 0 implies B = 0. These give C ihj = 0 which means that ∂g ih ∂η j = 0, i.e. F is purely Hermitian. Conversely, if F is purely Hermitian then A = B = 0. Thus, the assertion i) is proved. The claim ii) follows readily from (4.1) and (3.8) . Obviously, the statements are independent of the changes of local charts.
The above Proposition shows that there are 2 -dimensional complex Finsler spaces with K v F,m (z, η) = 0 which are not purely Hermitian. Subsequently, we pay more attention to the case AB 2 = 0.
The vh− Riemann type tensor
Let Ξ rjhk be the vh− Riemann type tensor. Using the Proposition 2.1 iii) and the formulas (3.5) and (3.13), we have
We wish to investigate the relationship among A, B, I and to characterize the 2 -dimensional complex Finsler spaces by means of these. (V +H) + (V +H
and its conjugate. The conjugates of (4.6), (4.7) and Theorem 4.1 ii) allow us to writē
It is also worthwhile to note the following identitȳ
which is obtained from (3.7), (3.8) and (4.1). Therefore, (4.8) and (4.9) lead tō
The hv− Riemann type tensor
Now let us consider the hv− Riemann type tensor Pr jhk . By Proposition 2.1.ii) and formulas (3.5) and (3.7), it results that
But, Proposition 2.1 vi) allows us to reconstruct Pr jhk . Indeed,
and from (4.11), we obtain
Plugging (4.13) and (4.14) into (4.12), gives
Recall the following property, P rjhk = Ξ jrkh = Ξ jrkh . Writing it by means of (4.4) and (4.15), we obtain the conditions
and theirs conjugates. From both formulas (4.16), it follows that
Moreover, from (3.7), (3.8) and (4.1), we have
By subtracting (4.17) from (4.18), we get 
Hence, we have the cases: 
which substituted into (4.23) leads tō , which with (4.23) imply iii). The independence of the above statement to the changes of local charts results by straightforward computations using (3.11).
Two dimensional complex Berwald and Landsberg spaces
The above considerations offer us the premises for some special characterizations of the 2 -dimensional complex Berwald and Landsberg spaces. Firstly, we write the identity iv) of Proposition 2.1 in terms of the local complex Berwald frame. Some computations give
The above outcomes substituted into Proposition 2.1 iv), lead to
Next, we rewrite the identity v) from Proposition 2.1,∂ h L i jk = C jrh|k gr i with respect to the complex Berwald frame. Taking into account Proposition 3.1, we havė
We note that the assertions of Propositions 4.2 and 4.3 are preserved to changes of local charts. Now, taking into account (3.9), we have G i = O, by Lemma 4.1, results∂hG i = 0.
Remark 4.1. The above theorem shows that in dimension two, the class of the complex Berwald spaces coincides with the class of Kähler spaces.

Theorem 4.4. A 2 -dimensional complex Finsler space is Berwald if and only if it is weakly Kähler and∂hG
Proof. The necessity is obvious. For sufficiency, using Propositions 3. 
Proposition 4.4. If (M, F ) is a 2 -dimensional complex Berwald space, then
equivalently with
Proof. Under the assumption of Berwald, we have∂hG i =∂hN We note that the equivalent sets of relations (4.26), (4.27), (4.28) and (4.29) have a geometric character and are only necessary conditions for complex Berwald space. These become sufficient together with weakly Kähler condition.
Trivial examples of complex Berwald spaces are given by the purely Hermitian and locally Minkowski manifolds. An nontrivial example of 2 -dimensional complex Berwald space is welcomed.
Let ∆ = {(z, w) ∈ C 2 , |w| < |z| < 1} be the Hartogs triangle with the Kähler-purely Hermitian metric
where z, w, η, θ are the local coordinates z 1 , z 2 , η 1 , η 2 , respectively, and |z i | 2 := z izi , z i ∈ {z, w}, η i ∈ {η, θ}. We choose
(4.31)
With these tools we construct α(z, w, η, θ) := a ij (z, w)η iηj and β(z, η) = b i (z, w)η i and from here we obtain the complex Randers metric F = α + |β| and the complex Kropina metric F :=
. By a direct computation, we deduce
2 + b z bz; a zw = b z bw; a ww = b w bw; (4.32)
and the horizontal coefficients of the C − F connection are
which attest the Kähler property. The spray coefficients
Proof. Firstly, because the space is Berwald, the identity ii) from Proposition 2.2 is B|k |j − B |j |k = 0. On the other hand, the relations (3.7), (3.8), (3.13), (4.1) and (4.29) lead to B|k |j − B |j |k = −I |j mk. So, I |j = 0.
The converse of the above Proposition is not true. There exist 2 -dimensional complex Finsler spaces with I |j = 0 which are not Berwald. We attest this fact by an example. Namely, we consider the complex version of Antonelli -Shimada metric on a domain D from T ′ M , dim C M = 2, such that its metric tensor is nondegenerated. We relabeled the local coordinates z 1 , z 2 , η 1 , η 2 as z, w, η, θ, respectively. σ(z, w) is a real valued function and
A direct computation leads to
The nonzero coefficients of the C − F connection are
From here we obtain
and so
depend only on z and w, but the Antonelli -Shimada metric is not Berwald because, in generally, it is not Kähler. If σ is a constant, then the Antonelli -Shimada metric is Berwald and locally Minkowski. In order to investigate 2 -dimensional complex Landsberg spaces, we translate the RΓ and BΓ connections in terms of the local complex Berwald frames. After some computations we obtain 
By (4.35), (4.36) and (3.11) immediately results
Theorem 4.6. A 2 -dimensional complex Finsler space is Landsberg if and only if F A(E
− Y ) = A |0 − F A(J + Y ) and F B(E − Y ) = B |0 − F B 2 (J + Y ).
The hh− Riemann type tensor
Let us investigate the hh− Riemann type tensor Rr jhk . By (2.5), (3.5) and (3.12) we can write
It results that
Further on, our goal is to find the link between the horizontal covariant derivatives of the functions (3.10) and theirs properties. Indeed, from (4.37) it follows that
Moreover, by (4.37)
LF O(J +Ȳ )mr and
Next, from (4.37) we have
LA(J +Ȳ )(Ol h
Taking again into account (4.37), it follows
Next, (4.37) involves
By transvection with l
h and m h we obtain
Using again (4.37), we have
On the other hand,
The transvection with l
h and m h gives
Proof. It results by Proposition 3.2, (4.38), (4.39) and (4.42) . By computation using (3.11), we obtain the global validity of these assertions. and the horizontal holomorphic sectional curvature in direction µ by
Proof. By (4.37) we obtain R(λ,λ,
Changing the local coordinates (z k , η k ) k=1,2 into (z ′k , η ′k ) k=1,2 , it results K ′ = K and W ′ = W, which complete the proof.
We call the functions K and W the horizontal curvature invariants. Further on, our goal is to find the link between the hh− Riemann type tensors Rr jhk , K and W.
Then, using (2.5), δ i = l i λ + m i µ and (4.37), Rr jhk = R(δ j , δr, δ k , δh) is decomposed into sixteen terms. Now we come back to the Antonelli-Shimada metric (4.33) in order to study its horizontal curvature invariants K and W and its hh− Riemann type tensor. After some direct computations we get
which substituted into (4.46) give 
Its sign depends on the sign of the (1, 1)− form
For example if σ(z, w) = log 
Proof. It results by (4.47).
We point out that the hh− Riemann type tensors Rr jhk generally are not symmetric. But, (4.46) permits us to study this particular case and some others.
A weakly symmetry condition
We call the property R0 k00 = R0 00k as being a weakly symmetry condition of the curvature. First, we want to see what does this condition mean, in terms of the horizontal terms (3.10). The answer is below. (J + Y ).
Proof. (4.46) gives that R0 k00 = F 3 {Kl k −[
(J + Y ), which is globally by (3.11). Further on, our goal is to find the properties of the invariants K and W with this condition of weakly symmetry. Therefore, we write the identity i) of Proposition 2.2 for J J|r |s − J |s |r = Cn sr J |n .
(4.48) Using 4.2 i) and (3.13) we have
On the other hand, J |s = −Kls + J |h mhms and using (3.7) we obtain 
O(J +Ȳ )mr ls
O(V +H)mr ms = (−ĀK +BJ |h mh)mrms which contracted by ls and msmr respectively, leads to
Transvecting the Bianchi identity
(see [15] , p. 77), byη r η jηh η k it follows Proof. By Proposition 4.10 and by the first relation of (4.51) it results that K|r = 0, i.e. K does not depend on η. Because (M, F ) is weakly Kähler, the identity (4.53) together withJ |s|0 m s = 0 gives K |l = 1 F K |0 l l . But, using ii) from Proposition 2.2, we have 0 = K|k |j = K |j |k. On the other hand,
. It follows that K |0 = 0 and so K |l = 0, which is equivalent to ∂K ∂z l = 0, i.e. K is a constant on (M, F ). We note that the above Theorems give the necessary and sufficient conditions that a connected 2 -dimensional complex Finsler space should be of constant horizontal holomorphic curvature in direction λ. It is interesting for us to see what happens with the horizontal holomorphic curvature in direction µ, in this case. 
where Φ := A |0 + AF (J +Ȳ ) and Ω := A |k mk + A(V +H).
Proof. Let us consider the Bianchi identity, (see [15] , p. 77),
In order to prove the statements i)-vii), we use Theorem 4.8, the covariant derivatives (3.7), (3.13) and the expressions of the vv−, hv−, vh−, hh− Riemann type tensors.
Contracting into (4.54) byη r m jηh η k , using
On the other hand, by Lemma 4.2 ii),
The last two relations give ii) and iii). Now, contracting again (4.54) bym r η jηh η k , we have
, which together with ii) implies iv).
Next we prove v) and vi). First we contract (4.54) withη r m jηh m k m l and we obtain (
The contraction of (4.54) bym 
2 , which leads to vii). The global validity of the above statements results by straightforward computations using (3.11).
Next, we establish some consequences of the above Proposition. From vii) and Theorem 4.7 ii) it immediately results 
So, we remark that the conditions which assure that K h F,λ (z, η) is a constant on M do not suffice to imply that K Moreover, we obtain a known result from Hermitian geometry (2lrl j lhl k + 2mrm j mhm k + lrl j mhm k + mrl j lhm k + lrm j mhl k +mrm j lhl k ) = K 2 (g jr g kh + g kr g jh ) and K 
A particular case
Consider the problem of classifying the 2 -dimensional complex Finsler spaces for which Rr jhk = K(g jr g kh + g kr g jh ), (4.57) where K = K(z, η) : T ′ M → R. We note that the 2 -dimensional complex Finsler spaces with (4.57) has the property that K which is true in any local coordinates. Moreover, contraction byη h η k in (4.58) it follows K| l = 0, which means that K = K(z) is a function of z alone. This implies that K(2Alh + Bmh) = 0 and hence that either A = 0 (i.e. the purely Hermitian case) for any K = K(z), or |A| = 0 and K = 0 for any |B|.
So, we have proven Corollary 4.6. Let (M, F ) be a connected 2 -dimensional complex Finsler space with Rr jhk = K(g jr g kh + g kr g jh ). Then it is purely Hermitian with K a function of z alone, or it is not purely Hermitian but with K = 0.
For K = 0, (4.52) gives K |l (g jr g kh +g kr g jh )−K |k (g jr g lh +g lr g jh )+K(g jr g nh +g nr g jh )T n kl = 0, which contracted byη r η jηh η k leads to 
